M-embedded subspaces of certain product spaces  by Comfort, W.W. et al.
Topology and its Applications 155 (2008) 2188–2195
www.elsevier.com/locate/topol
M-embedded subspaces of certain product spaces
W.W. Comfort a, Ivan S. Gotchev b,∗, Luis Recoder-Núñez b
a Department of Mathematics and Computer Science, Wesleyan University, Middletown, CT 06459, USA
b Department of Mathematical Sciences, Central Connecticut State University, New Britain, CT 06050, USA
Received 30 October 2006; accepted 3 April 2007
Abstract
A subspace Y of a space X is said to be M-embedded in X if every continuous f : Y → Z with Z metrizable extends to a
continuous function f : X → Z.
For topological spaces Xi (i ∈ I ) and J ⊆ I , set XJ :=
∏
i∈J Xi .
The authors prove a general theorem concerning κ-box topologies and pseudo-(α, κ)-compact spaces, of which the following is
a corollary of the special case κ = α = ω.
Theorem. If Y ⊆ XI and πJ [Y ] = XJ for all ∅ = J ∈ [I ]<ω+ , and if each XJ , for ∅ = J ∈ [I ]<ω, is Lindelöf, then Y is
M-embedded in XI .
Remark. Several results in Chapter 10 of the book [W.W. Comfort, S. Negrepontis, Chain Conditions in Topology, Cambridge
Tracts in Math., vol. 79, Cambridge Univ. Press, 1982] depend on Lemma 10.1, of which the given proof was incomplete. A prin-
cipal contribution here is to furnish a correct proof, allowing the present authors to verify and unify all the results from Chapter 10
whose status had become questionable, and to extend several of these.
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1. Introduction and historical perspective
Conventions, Notation, Definitions 1.1. (a) Topological spaces considered here are not subjected to any special
standing separation properties. Specific hypotheses are imposed as required.
(b) ω is the least infinite cardinal, and α and κ are infinite cardinals. For I a set and β an arbitrary cardinal we
write [I ]β := {J ⊆ I : |J | = β}; the notations [I ]<β , [I ]β are defined analogously.
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W.W. Comfort et al. / Topology and its Applications 155 (2008) 2188–2195 2189(c) A (not necessarily faithfully) indexed family {Ai : i ∈ I } of nonempty subsets of a space X is locally < κ if there
is an open cover U of X such that |{i ∈ I : U ∩ Ai = ∅}| < κ for each U ∈ U . A space X = (X,T ) is pseudo-(α, κ)-
compact if every indexed locally < κ family {Ui : i ∈ I } ⊆ T \{∅} satisfies |I | < α, and X is pseudo-α-compact if it
is pseudo-(α,ω)-compact. In this terminology, the familiar pseudocompact spaces are the pseudo-ω-compact spaces.
(d) For a set {Xi : i ∈ I } of sets and J ⊆ I , we write XJ :=∏i∈J Xi ; and for A =∏i∈I Ai ⊆ XI the restriction
set of A, denoted R(A), is the set R(A) = {i ∈ I : Ai = Xi}. When each Xi = (Xi,Ti ) is a space, the symbol (XI )κ
denotes XI with the κ-box topology; this is the topology for which {U =∏i∈I Ui : Ui ∈ Ti , |R(U)| < κ} is a base.
Thus the ω-box topology on XI is the usual product topology. We note that even when κ is regular, the intersection
of fewer than κ-many sets, each open in (XI )κ , may fail to be open in (XI )κ .
(e) The symbol R denotes the real line with its usual topology. For spaces Y and Z we denote by C(Y,Z) the
set of continuous functions from Y into Z. A subspace Y of a space X is C∗-embedded [respectively C-embedded;
respectively M-embedded] if every f ∈ C(Y, [0,1]) [respectively f ∈ C(Y,R); respectively f ∈ C(Y,M) with M
metrizable] extends to f ∈ C(X, [0,1]) [respectively f ∈ C(X,R); respectively f ∈ C(X,M)].
In the interest of symmetry and efficiency, we say that a space is compact Hausdorff [respectively realcompact;
respectively topologically complete] if it is homeomorphic to a closed subspace of a space of the form [0,1]κ [respec-
tively Rκ ; respectively
∏
i∈I Mi with each Mi metrizable]. Evidently, each such space is a Tychonoff space. Given a
Tychonoff space X, the symbols β(X), υ(X), and γ (X) denote, respectively, the Stone– ˇCech compactification, the
Hewitt realcompactification, and the Dieudonné topological completion, of X; we have
υ(X) = {p ∈ β(X): X is C-embedded in X ∪ {p}}, and
γ (X) = {p ∈ β(X): X is M-embedded in X ∪ {p}}.
The space β(X) [respectively υ(X); respectively γ (X)] is, up to a homeomorphism leaving X fixed pointwise, the
unique compact Hausdorff [respectively realcompact; respectively topologically complete] space in which X is dense
and C∗-embedded [respectively C-embedded; respectively M-embedded].
We refer the reader to [14] for a thorough development and treatment of the spaces β(X), υ(X), and γ (X). See
also [6,7].
Social Background 1.2. As a graduate student reading background material preparatory for [27], Luis Recoder-
Núñez in 1999 noted a gap or non-sequitur in the proof of Lemma 10.1 of [7]. (See Lemma 2.1 below for a verbatim
restatement of that lemma.) This event cast into doubt many of the subsequent theorems in Chapter 10 of [7]. More
recently, other mathematicians observed the same error in the proof of that lemma, but left unsettled the question of its
truth. Subsequently the authors of [7] received two purported counterexamples to Lemma 10.1, but these also did not
withstand close scrutiny: In one, both the hypothesis and the conclusion of Lemma 10.1 were satisfied; in the other,
both failed.
In Section 2 of the present paper we give a careful proof of Lemma 10.1 in a form which is more general than that
of in [7], thus validating the assertions of [7, Chapter 10]. Additional considerations in Section 3 allow us to extend
to the class of topologically complete spaces certain results presented in [7] only for realcompact spaces.
2. Lemma 10.1 from [7]
We begin with a restatement and a correct proof of the lemma in question, without assuming any separation axioms
for the spaces Xi , i ∈ I (we note that in [7] all spaces are assumed completely regular). In order that this paper be
self-contained, we give the proof in full detail, retaining insofar as is convenient the notation and the format of the
argument from [7]. In Remark 2.3(c) we specify the location and the nature of the error in [7].
Lemma 2.1. Let ω  κ  α with either κ < α or α regular, let {Xi : i ∈ I } be a set of non-empty spaces, Y a dense,
pseudo-(α, κ)-compact subspace of (XI )κ , (M,ρ) a metric space and f a continuous function from Y to M . Then for
every  > 0 there is J ∈ [I ]<α such that ρ(f (x), f (y))  if x, y ∈ Y , xJ = yJ .
Proof. We suppose the result fails.
For ξ < α we will define x(ξ), y(ξ) ∈ Y , basic neighborhoods U(ξ) and V (ξ) in (XI )κ of x(ξ) and y(ξ), respec-
tively and J (ξ),A(ξ) ⊆ I such that:
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 if x ∈ U(ξ)∩ Y , y ∈ V (ξ)∩ Y ;
(ii) A(ξ) := {i ∈ R(U(ξ))∪R(V (ξ)): x(ξ)i = y(ξ)i};
(iii) U(ξ)i = V (ξ)i if i ∈ I\A(ξ);
(iv) x(ξ)i = y(ξ)i for i ∈ J (ξ); and further with
(v) J (0) = ∅, J (ξ) =⋃η<ξ A(η) for 0 < ξ < α.
To begin, we choose x(0) ∈ Y and y(0) ∈ Y such that ρ(f (x(0)), f (y(0))) > . It follows from the continuity of f
that there are disjoint, basic open neighborhoods U˜ (0) and V˜ (0) in (XI )κ of x(0) and y(0), respectively such that
ρ(f (x), f (y)) >  for all x ∈ U˜ (0)∩Y , y ∈ V˜ (0)∩Y . Then, define A(0) := {i ∈ R(U˜(0))∪R(V˜ (0)): x(0)i = y(0)i}
and define (basic) open neighborhoods U(0) and V (0) in (XI )κ of x(0) and y(0), respectively, as follows:












U(0)i = U˜ (0)i, V (0)i = V˜ (0)i if i ∈ A(0).
Then (i)–(v) hold for ξ = 0.
Suppose now that 0 < ξ < α and that x(η), y(η) ∈ Y , U(η), V (η), and A(η), J (η) ⊆ I have been defined for η < ξ
satisfying (the analogues of) (i)–(v). Since J (ξ), defined by (v), satisfies |J (ξ)| < α, there are x(ξ) and y(ξ) in Y
such that (iv) holds and ρ(f (x(ξ)), f (y(ξ))) > . It follows from the continuity of f that there are disjoint, basic
open neighborhoods U˜ (ξ) and V˜ (ξ) in (XI )κ of x(ξ) and y(ξ), respectively, such that ρ(f (x), f (y)) >  for all
x ∈ U˜ (ξ)∩ Y , y ∈ V˜ (ξ)∩ Y . Then, define A(ξ) := {i ∈ R(U˜(ξ))∪R(V˜ (ξ)): x(ξ)i = y(ξ)i} and define (basic) open
neighborhoods U(ξ) and V (ξ) in (XI )κ of x(ξ) and y(ξ), respectively, as follows:












U(ξ)i = U˜ (ξ)i, V (ξ)i = V˜ (ξ)i if i ∈ A(ξ).
Then (i)–(v) hold. The recursive definitions are complete.
We note that if η < ξ < α and i ∈ A(η) then x(ξ)i = y(ξ)i and hence i /∈ A(ξ). That is: the sets A(ξ) (ξ < α) are
pairwise disjoint.
The space Y is pseudo-(α,κ)-compact, hence there is p ∈ Y such that each basic open neighborhood W of p
in (XI )κ satisfies |{ξ < α: W ∩ U(ξ) = ∅}|  κ . Fix such W and choose ξ < α such that W ∩ U(ξ) = ∅ and no
i ∈ R(W) is in A(ξ). (This is possible since |R(W)| < κ and each i ∈ R(W) is in at most one of the sets A(ξ).) For
each such ξ by (iii) we have U(ξ)i = V (ξ)i for all i ∈ R(W), so also W ∩ V (ξ) = ∅.
Since Y is dense in (XI )κ , the previous paragraph shows this: For each neighborhood W in (XI )κ of p there
is ξ such that W ∩ U(ξ) ∩ Y = ∅ and W ∩ V (ξ) ∩ Y = ∅. From (i) it then follows that the oscillation of f on
every neighborhood in Y of p is more than ; hence f is not continuous at p ∈ Y . This contradiction completes the
proof. 
In Remarks 2.3 and Theorem 2.4 we use some properties of generalized Σ -products to expose the inadequacies
of the argument proposed in [7] to prove Lemma 2.1. The reader interested only in topological consequences of that
lemma may skip directly to Section 3.
Notation 2.2. For p ∈ XI = ∏i∈I Xi , the κ-Σ -product of XI based at p is the set Σκ(p) := {x ∈ XI : |{i ∈ I :
xi = pi}| < κ}.
Remarks 2.3. (a) In Notation 2.2, the usual Σ -product based at p is the set Σ(p) = Σω+(p), and the “little σ -
product” [8] is the set σ(p) := Σω(p) ⊆ XI . If |Xi |  2 for all i ∈ I then πJ [Σκ(p)] = XJ iff J ∈ [I ]<κ , so if the
sets Xi are topological spaces then each Σκ(p) ⊆ XI is dense in (XI )κ .
(b) So far as we are aware, Σ -products were introduced and first studied by Mazur [22]. Corson [8] showed
for separable metric spaces Xi that each Σ -product Σ(p) ⊆ XI is (dense and) C-embedded in XI . (It is clear in
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of Glicksberg [15] and Kister [21], have been substantially extended. It was shown, for example, that a Gδ-dense
subspace Y of a space X is C-embedded in X provided
(i) (Noble [23]) X = XI with each Xi separable metric; or
(ii) (Pol and Pol [25]) X = XI with each Xi first-countable; or
(iii) (Hernández and Sanchis [17]) X is a compact topological group.
The most incisive tool used in the last quarter-century to study the C-embedded property of certain (dense) sub-
spaces is Arhangel’skiı˘’s concept of a Moscow space [1]: A Hausdorff space is Moscow if the closure of each of
its open subsets is the union of Gδ-subsets. Arhangel’skiı˘ has shown [1–4] that the class of Moscow spaces is very
broad, including (among many others) spaces X with any of these properties: X is a product of first countable spaces;
X is a locally bounded topological group; X is dense in some Moscow space. (Some of those assertions depend in
part on work of Yajima [32].) In 1989 Uspenskii [30], using work of Tkacˇenko [28], showed that every Gδ-dense
subspace of a Moscow space is C-embedded. The culmination of this line of investigation is the following result of
Arhangel’skiı˘ [4]: A space is Moscow if and only if each of its dense subspaces is C-embedded in its own Gδ-closure.
This remarkable theorem subsumes and unifies many earlier results—including, for example, those cited above in
(i)–(iii).
(c) The relevance of (a) to Lemma 2.1 above (which is Lemma 10.1 of [7]) is readily discerned upon specializ-
ing there to the case κ = α = ω. In this case the lemma asserts, correctly, that for  > 0 and for every continuous
f :Y → M with Y a dense, pseudocompact subspace of a space XI and M metrizable, there is finite J ⊆ I such that
ρ(f (x), f (y))  whenever x, y ∈ Y , xJ = yJ . But the proof in [7] suggests, incorrectly, that for arbitrary x˜, y˜ ∈ Y
and finite J ⊆ I there are x and y in Y such that xJ = x˜J , yJ = y˜J , and x ∈ σ(y). That is correct in case Y contains
a σ -product—the case which has historically motivated much of this inquiry—but it can fail in general. We have not
seen an example of that possible failure given explicitly in the literature, so we offer one now.
Theorem 2.4. Let {Xi : i ∈ I } be a (not necessarily faithfully indexed) set of compact metric spaces with each |Xi | > 1
and with |I | = κ > ω. There is a dense, pseudocompact subspace Y of XI such that |Y ∩ σ(p)| 1 for each p ∈ XI .
Proof. In fact we show more: Y may be chosen so that even |Y ∩Σκ(p)| 1 for each p ∈ XI .
As indicated above, a dense set Y ⊆ XI is pseudocompact iff Y is Gδ-dense in XI . Every nonempty Gδ-set
in XI contains, for some countable C ⊆ I and some p ∈ XC , a set of the form {p} × XI\C . There are κω possible
choices for C, and c-many choices for p ∈ XC . Thus, there are κω-many “basic Gδ” subsets of XI . We index these as
{Uη: η < κω}, and we note that each Uη meets each set of the form Σ(r) ⊆ Σκ(r) ⊆ XI .
Now for i ∈ I choose distinct pi, qi ∈ Xi . Let {Iξ : ξ < κ} be a partition of κ with each |Iξ | = κ , and for A ⊆ κ
define r(A) ∈ XI by
r(A)i =
{
pi if i ∈ Iξ , ξ ∈ A,
qi if i ∈ Iξ , ξ ∈ κ\A.
If A and B are distinct subsets of κ then r(A)i = r(B)i for all i ∈ Iξ with ξ ∈ (A\B) ∪ (B\A) = ∅, so r(B) /∈
Σκ(r(A)) and hence Σκ(r(A))∩Σκ(r(B)) = ∅.
Finally, let {A(η): η < κω} be (distinct) subsets of κ and for η < κω choose y(η) ∈ Uη ∩ Σκ(r(Aη)). The set
Y := {y(η): η < κω} is Gδ-dense in XI , and |Y ∩Σκ(r)| 1 for each κ-Σ -product Σκ(r) ⊆ XI . 
3. Some topological consequences
The rest of this paper is devoted to deriving some consequences—some new, some already accessible in [7]—of
Lemma 2.1. The following useful definition is strictly set-theoretic, in the sense that topology plays no role in its
statement. For its applications, of course, Xi and Z will be spaces, and f ∈ C(Y,Z).
Definition 3.1. Let f : Y → Z, with Y ⊆ XI .
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(b) f depends on < α-many [respectively  α-many] coordinates if there is J ∈ [I ]<α [respectively J ∈ [I ]α] such
that f depends on J .
We remark that if α, κ , Xi , Y , M and f are as in Lemma 2.1, then f depends on  α-many coordinates; if
in addition cf(α) > ω then f depends on < α-many coordinates. [The proof is obvious: For 0 < n < ω there is
Jn ∈ [I ]<α such that ρ(f (x), f (y)) 1n if x, y ∈ Y with xJn = yJn , so f depends on J :=
⋃
0<n<ω Jn.]
In the following proposition, of which versions have been noted by many authors in differing contexts (see for
example [7, 10.3]), no separation properties whatever are imposed on any of the hypothesized spaces. We include a
proof in the interest of completeness.
Theorem 3.2. Let κ  α, Y be a subspace of (XI )κ such that πJ [Y ] = XJ whenever ∅ = J ∈ [I ]<α , and let f ∈
C(Y,Z) depend on < α-many coordinates. Then f extends to a continuous function f : (XI )κ → Z.
Proof. Let f depend on ∅ = J ∈ [I ]<α . For p ∈ XI choose y ∈ Y such that pJ = yJ , and define f : XI → Z
by f (p) = f (y). Since πJ ′ [U ] = πJ ′ [U ∩ Y ] for each basic open set U of (XI )κ and for each set J ′ ∈ [I ]<α , the
continuity of f on (XI )κ follows from the continuity of f on Y . 
Remark 3.3. Theorem 3.2 is a simple result, with little depth. We pause for a moment to reflect upon a qualitative
distinction in flavor between Theorem 3.2 and those deeper theorems of General Topology which, for Y dense in some
space X and for some space(s) Z, guarantee that every f ∈ C(Y,Z) extends to f ∈ C(X,Z) (e.g., the extension the-
orem of Stone and ˇCech, Lavrentieff’s theorem, and so forth). Typically there, range(f ) properly contains range(f ),
and f is defined at the points of X\Y using some sort of convergence property, or an argument of Baire category
type, for Z. In Theorem 3.2, in contrast, the hypotheses on the disposition or placement of Y within X are sufficiently
strong that each point p ∈ X = XI associates naturally with a point y ∈ Y such that pJ = yJ , and the natural definition
f (p) = f (y) renders unnecessary the consideration of any completeness properties which Z may enjoy (and ensures
that range(f ) = range(f )).
Discussion 3.4. Lemma 2.1 applies when one has in hand a pseudo-(α, κ)-compact space which is dense in a space of
the form (XI )κ . It turns out that under appropriate circumstances, this property for Y is inherited from (XI )κ itself.
The key to the argument is an appropriate fragment of the vast theory of the partition calculus, the creation of Erdo˝s
and Rado. The required definitions and theorems are laid out in detail in [7] and [19]; see also [11] for an extended
treatment. For our purposes, we need only the notational conventions given in Notations 3.5 and 3.6, together with
Theorem 3.7.
Notation 3.5. For α  β , the notation α → Δ(κ,β) means that for every family of sets {Sξ : ξ < α} indexed (not
necessarily faithfully) by α, with each |Sξ | < κ , there are A ∈ [α]β and a (possibly empty) set J such that Sξ ∩Sξ ′ = J
whenever {ξ, ξ ′} ∈ [A]2.
Many authors refer to a family {Sξ : ξ ∈ A} as in Notation 3.5 as a quasi-disjoint family, or a Δ-system, with root J .
Notation 3.6. The notation κ  α means (a) κ < α and (b) if λ < κ and β < α, then βλ < α.
The relation (2α)α = 2α reflects to the fact that α+  (2α)+. That example motivated the introduction of the more
general notation. The basic combinatorial theorem, given in [12] for successor cardinals α and in [13] in general, is
this.
Theorem 3.7. If κ  α and α is regular, then α → Δ(κ,α).
For a proof of Theorem 3.7, see [12] and [13], or [7, 1.4].
The following result, described in [7, 3.6(c) and 3.8(c)], allows the transfer of properties of pseudocompactness
type from spaces of the form (XJ )κ to certain dense subspaces of (XI )κ . Even the case Y = XI is worthy of note.
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[I ]<κ , and if also πJ [Y ] = XJ for all ∅ = J ∈ [I ]<κ , then Y is pseudo-(α, κ)-compact.
Proof. Given a family {Uξ : ξ < α} of basic open subsets of (XI )κ , one finds p ∈ Y such that each basic open
neighborhood U of p in (XI )κ satisfies U ∩ Uξ = ∅ for at least κ-many ξ < α. This suffices, since (because Y is
dense in (XI )κ ) from U ∩Uξ = ∅ follows U ∩Uξ ∩Y = ∅. Since |R(Uξ )| < κ for each ξ < α, there are A ∈ [α]α and
a set J such that R(Uξ )∩R(Uξ ′) = J whenever {ξ, ξ ′} ∈ [A]2. If J = ∅, any p ∈ Y is as required.
For J = ∅, we consider the family of open subsets {πJ [Uξ ]: ξ ∈ A} of (XJ )κ . Since (XJ )κ is pseudo-(α,κ)-
compact, there is a point p′ ∈ XJ such that every neighborhood V in (XJ )κ of p′ satisfies V ∩ πJ [Uξ ] = ∅ for at
least κ-many ξ ∈ A. Choose any p ∈ Y with pJ = p′, and for U a basic open neighborhood of p in (XI )κ define
A′ := {ξ ∈ A: πJ [U ] ∩ πJ [Uξ ] = ∅}. Then, write A′ = B ′ ∪ C′ with B ′ := {ξ ∈ A′: U ∩ Uξ = ∅} and C′ := {ξ ∈
A′: U ∩Uξ = ∅}. If ξ ∈ B ′ then (R(U)∩R(Uξ ))\J = ∅ (as in [7, 3.1]), so there is iξ ∈ (R(U)∩R(Uξ ))\J . The map
ξ → iξ from B ′ into R(U) is injective, so from |A′| κ and |B ′| < κ it follows that |C′| κ , as required. 
Corollary 3.9. Let κ  α with α regular and let Y ⊆ XI be such that πJ [Y ] = XJ whenever ∅ = J ∈ [I ]<α . If (XJ )κ
is pseudo-(α, κ)-compact for every ∅ = J ∈ [I ]<κ , then Y is M-embedded in (XI )κ .
Proof. We have α → Δ(κ,α) from Theorem 3.7, so in the topology inherited from (XI )κ the space Y (by Theo-
rem 3.8) is pseudo-(α, κ)-compact. Then according to Lemma 2.1 each continuous f : Y → Z with Z metrizable
depends on < α-many coordinates, so Theorem 3.2 applies. 
Specializing to the case κ = ω and α = ω+, we have a result which uses a more familiar vocabulary. (The proof
that every Lindelöf space is pseudo-ω+-compact is routine; see [7, 10.6(b)] for a stronger result.)
Corollary 3.10. If Y ⊆ XI and πJ [Y ] = XJ for all ∅ = J ∈ [I ]<ω+ , and if each XJ , for ∅ = J ∈ [I ]<ω , is Lindelöf,
then Y is M-embedded in XI .
Corollaries 3.9 and 3.10 may be compared with Theorem 3.11, a result of Engelking [9]: After strengthening the
hypothesis on Z, we achieved a stronger conclusion, even in the case κ = ω. We note again that in contrast with
Theorem 3.11, no separation axioms for the spaces Xi (i ∈ I ) are imposed in Corollaries 3.9 and 3.10.
Theorem 3.11. (See [9, Theorem 1].) If XI is a product of T1-spaces such that each XJ , for ∅ = J ∈ [I ]<ω , is
Lindelöf, Z is a Hausdorff space with Gδ-diagonal, and p ∈ XI , then each f ∈ C(Σ(p),Z) depends on countably
many coordinates and extends to f ∈ C(XI ,Z).
Theorem 3.12. Let κ  α with α regular, let {Xi : i ∈ I } be a set of topologically complete spaces, and let Y ⊆ XI
be such that πJ [Y ] = XJ whenever ∅ = J ∈ [I ]<α . If (XJ )κ is pseudo-(α, κ)-compact for every ∅ = J ∈ [I ]<κ , then
(XI )κ = γ (Y ).
Proof. It is enough to know that Y is M-embedded in (XI )κ and that (XI )κ is topologically complete. The first
requirement is given by Corollary 3.9, while the second is a theorem given by Kato [20, 4.2(2)] and later, with a
different proof, by S. Williams [31, 2.5(2)]: When given a κ-box topology, a product of topologically complete spaces
remains topologically complete. 
The following definitions are consistent with the conventions of [6] and [7]; see also [19] and [10] for alternative
terminology.
Definition 3.13. Let X = (X,T ) be a space.
(a) d(X), the density character of X is min{|D|: D is dense in X}.
(b) S(X), the Souslin number of X, is min{α: no U ∈ [T ]α is pairwise disjoint}.
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(d) X is weakly α-compact if for every cover U ⊆ T of X there is a subfamily V ∈ [U]<α such that ⋃V is dense
in X.
The following result closely parallels Corollary 10.7(a) of [7], and it improves that statement in two ways: we
deal here with topologically complete spaces rather than with realcompact spaces, and the cardinal number α = ω of
[7, 10.7(a)] is replaced by arbitrary α  ω.
Theorem 3.14. Let α be an infinite cardinal, {Xi : i ∈ I } be a set of topologically complete spaces, and Y ⊆ XI satisfy
πJ [Y ] = XJ whenever ∅ = J ∈ [I ]α . Suppose that XJ , for each ∅ = J ∈ [I ]<ω , satisfies either
(i) d(XJ ) α; or
(ii) S(XJ ) α+; or
(iii) XJ is α+-compact; or
(iv) XJ is weakly α+-compact; or
(v) XJ is pseudo-α+-compact space.
Then XI = γ (Y ).
Proof. One sees easily, as in [7] (the case α = ω), that properties (i)–(v) are related by the implications (i) ⇒
(ii) ⇒ (iv) ⇒ (v) and (iii) ⇒ (iv). Since α+ is regular and satisfies ω  α+, the desired conclusion is immediate
from Theorem 3.12 (upon replacing α there by α+). 
Remarks 3.15. (a) It follows from the Kateˇtov–Shirota Theorem (cf. [14, 15.20], [6, 6.3]) that every topologically
complete space of non-Ulam-measurable cardinal is realcompact. Thus if in Theorems 3.12 and 3.14 each Xi is of non-
Ulam-measurable cardinal—in particular, if no uncountable measurable cardinals exist—then those theorems become
simply statements about realcompact spaces (with the conclusion XI = υ(Y )). The case α = ω of Theorem 3.14 is
given in ZFC in [7, 10.7]. In contrast, if an Ulam-measurable cardinal α exists and each Xi (i ∈ I ) is the discrete space
with |Xi | = α, then Xi = γ (Xi) = υ(Xi) and [7, 10.7] provides no information. Indeed, taking for simplicity Y = XI
we have XI = γ (Y ), while XI = υ(Y ) is false.
(b) From personal experience, the reader will be acquainted with questions of this form, given a class P of spaces:
(1) If X0,X1 ∈ P, must X0 ×X1 ∈ P? (2) If {Xi : i ∈ I } ⊆ P and each XJ ∈ P when ∅ = J ∈ [I ]<ω , must XI ∈ P? We
do not attempt here to recapitulate the vast literature relating to these questions as they pertain to properties (i)–(v) in
Theorem 3.14, but (restricting attention for simplicity to the case α = ω) we do remark: For (i), (1) holds and (2) fails
(both these statements are obvious); for (ii), (1) is independent of the axioms of ZFC [18], [5, 3.15], [7, pp. 201–204]
and (2) holds [5, 3.11], [7, 3.6(a)]; for (iii), (1) fails (use the Sorgenfrey line) and (2) fails [26]; for (iv), (1) fails [16]
and (2) holds [29]; for (v), (1) fails [24] and (2) holds [7, 3.6(c)].
References
[1] A.V. Arhangel’skiı˘, Functional tightness, Q-spaces and τ -embeddability, Comment. Math. Univ. Carolin. 24 (1983) 105–120.
[2] A.V. Arhangel’skiı˘, On a theorem of W.W. Comfort and K.A. Ross, Comment. Math. Univ. Carolin. 40 (1999) 133–151.
[3] A.V. Arhangel’skiı˘, Moscow spaces and topological groups, Topology Proc. 25 (2000) 383–416.
[4] A.V. Arhangel’skiı˘, Moscow spaces, Pestov–Tkacˇenko problem, and C-embedding, Comment. Math. Univ. Carolin. 41 (2000) 585–595.
[5] W.W. Comfort, S. Negrepontis, The Theory of Ultrafilters, Springer, Berlin, 1974.
[6] W.W. Comfort, S. Negrepontis, Continuous Pseudometrics, Lect. Notes Pure Appl. Math., vol. 14, Marcel Dekker, New York, 1975.
[7] W.W. Comfort, S. Negrepontis, Chain Conditions in Topology, Cambridge Tracts in Math., vol. 79, Cambridge Univ. Press, Cambridge, 1982.
[8] H.H. Corson, Normality in subsets of product spaces, Amer. J. Math. 81 (1959) 785–796.
[9] R. Engelking, On functions defined on Cartesian products, Fund. Math. 59 (1966) 221–231.
[10] R. Engelking, General Topology, Heldermann, Berlin, 1989.
[11] P. Erdo˝s, A. Hajnal, A. Máté, R. Rado, Combinatorial Set Theory: Partition Relations for Cardinals, Publishing House of the Hungarian
National Academy of Sciences, Akadémiai Kiadó, Budapest, 1982.
[12] P. Erdo˝s, R. Rado, Intersection theorems for systems of sets, J. London Math. Soc. 35 (1960) 85–90.
[13] P. Erdo˝s, R. Rado, Intersection theorems for systems of sets (II), J. London Math. Soc. 44 (1969) 467–479.
W.W. Comfort et al. / Topology and its Applications 155 (2008) 2188–2195 2195[14] L. Gillman, M. Jerison, Rings of Continuous Functions, D. Van Nostrand, New York, 1960.
[15] I. Glicksberg, Stone– ˇCech compactifications of products, Trans. Amer. Math. Soc. 90 (1959) 369–382.
[16] A. Hajnal, I. Juhász, On the products of weakly Lindelöf spaces, Proc. Amer. Math. Soc. 48 (1975) 454–456.
[17] S. Hernández, M. Sanchis, Gδ -open functionally bounded subsets in topological groups, Topology Appl. 53 (1993) 289–299.
[18] I. Juhász, Martin’s axiom solves Ponomarev’s problem, Bull. Acad. Pol. Sci. 18 (1970) 71–74.
[19] I. Juhász, Cardinal Functions in Topology—Ten Years Later, Math. Centre Tracts, vol. 123, Mathematisch Centrum, Amsterdam, 1980.
[20] A. Kato, Realcompactness of box products, Mem. Defense Acad. Japan 19 (1979) 1–4.
[21] J.M. Kister, Uniform continuity and compactness in topological groups, Proc. Amer. Math. Soc. 13 (1962) 37–40.
[22] S. Mazur, On continuous mappings on Cartesian products, Fund. Math. 39 (1952) 229–238.
[23] N. Noble, C-embedded subsets of products, Proc. Amer. Math. Soc. 31 (1972) 613–614.
[24] N. Noble, M. Ulmer, Factoring functions on Cartesian products, Trans. Amer. Math. Soc. 163 (1972) 329–339.
[25] E. Pol, R. Pol, Remarks on Cartesian products, Fund. Math. 93 (1976) 57–69.
[26] T.C. Przymusin´ski, Normality and paracompactness in finite and countable Cartesian products, Fund. Math. 105 (2) (1979/80) 87–104.
[27] L. Recoder-Núñez, Three classes of dense subspaces of products, Doctoral Dissertation, Wesleyan University, Middletown, Connecticut, USA,
2001.
[28] M.G. Tkacˇenko, The notion of o-tightness and C-embedded subspaces of products, Topology Appl. 15 (1983) 93–98.
[29] M. Ulmer, Products of weakly-ℵ-compact spaces, Trans. Amer. Math. Soc. 170 (1972) 279–284.
[30] V.V. Uspenskii, Topological groups and Dugundji compacta, Math. USSR Sb. 67 (1990) 555–580. Russian original in: Мат. Сб. 180 (1989)
1092–1118, 1151.
[31] S.W. Williams, More realcompact spaces, in: C. Aull (Ed.), Rings of Continuous Functions, Proc. 1982 Amer. Math. Soc. Cincinnati Special
Session, in: Lecture Notes Pure Appl. Math., vol. 95, Marcel Dekker, New York and Basel, 1985, pp. 289–300.
[32] Y. Yajima, The normality of Σ -products and the perfect κ-normality of Cartesian products, J. Math. Soc. Japan 36 (1984) 689–699.
